Math 120-121 Combination

Name_________________________
Irrational Numbers and Continuous Fractions
Irrational numbers cannot be represented as the ratio of two integers, so they pose some difficulties in calculation.  Mathematicians have developed methods for calculating many irrational numbers including using infinite series summations, continuous fractions and calculations involving limits as a variable approaches 
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.  This exercise will look at three such numbers.
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 - also called the golden ratio.  
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 is the ratio of length to width of a rectangle that is considered to be one of the most pleasing shapes to look at.  It has been used in architecture for many centuries including many famous Greek and Egyptian structures.  It also occurs in nature. (approximately 1.61803399)
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 - the base of the natural logarithms.  
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 will be used later this semester to calculate continuously compounded interest and as the base in many exponential applications.  
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 also has special properties which make it very useful in calculus.
(approximately 2.7182818280
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 - the ratio of the circumference of a circle to its diameter. (approximately 3.14159)
1) Continuous Fraction calculation of 
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The three dots mean that the pattern can continue forever.  In order to figure the value of this fraction, begin with the last fraction at the bottom 
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 and work up, like this: 
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 = 
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; then (still on the bottom row) 1 + 
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.  Working up, 
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.  Up another line, 
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.  Finally, 
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 and the last 1 + 
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· What is the decimal value of 
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?  

· What will the next fraction be (after 
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)? _______
And the next? _______
2)

a)Continuous Fraction calculation of 
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Calculate 
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 by carrying the continuous fraction as far as show below.
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 b) Limit Calculation of 
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To perform this calculation, let 
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    ,  solve for 
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Then let 
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 and solve for 
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.

Repeat for 
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=

5, 10, 100, 10000, 100000
As your value for 
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 gets larger, you are approaching the actual value for 
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.

c) Infinite Series Sum Calculation of 
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.
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   or    
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  (5! means 
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is defined as 1)
Calculate the sum shown below.
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d) Compare your calculated values for 
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 with the value that your calculator displays.

3)  Continuous Fraction calculation of 
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  (note: the numerator of each fraction is 
[image: image49.wmf](

)

2

21

k

-

as 
[image: image50.wmf]1

k

=

, 
[image: image51.wmf]2

k

=

, 
[image: image52.wmf]3

k

=

 etc.) 

A continuous fraction representation of 
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 is shown below:
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Carry the calculation for 
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 as far as the fraction below. (remember to keep your work as a fraction until the end)  Compare your answer with the value of 
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 on your calculator.
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Answers

1) 
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  (1.61905),  
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 (1.61765)

2)  a) from the bottom up,  
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     b) n=1   e=2

         n=2   e=2.25

         n=5   e=2.48832

         n=10  e=2.59374

         n=100    e= 2.704814

         n= 10,000    e=2.718146

         n=100,000    e=2,718268

     c) 2.71667

3) from the bottom up, 
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