Some Examples on Gibbs Sampling and
Metropolis-Hastings methods
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.
Gibbs Sampler

@ Sample a multidimensional probability distribution from
conditional densities.
@ Suppose d = 2, § = (01, 02). Set an initial point,
0) 40
6@ = (61, 6).
@ Generate a value 09) from 7(02|61 = 920)’ X = Xx).
@ Generate a value 951) from (61|02 = 69), X = x).
i _ (p(0) 5(0)
@ Two steps give a new value §(") = (65", 6,")
@ After several iterations: (1), 9 9
@ Samples (after training period) correspond to (64, 62|x).
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Example: Binomial-Beta

@ One observation, X ~ Binomial(n, §) and 7(0) = Beta(a, b)
@ Bayes theorem,
7(0]x) x 0X(1 — 6)"*931(1 — )°~"
@ The joint density for (x, 0),
. _ ny x _ p\n—x r(a+b) a—1 _ n\b-1
f(x;0)m(0) = <X>0 (1-9) 7r(a)r(b)0 (1-9)

@ What is the marginal distribution of X? Its a Binomial-Beta
distribution,

F(x) = <n> Na+b)(a+ x)F(b+n—x)

x)T@rb) Tatbrn X 012N
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@ Via Gibbs sampling. Set initial value (x(©), (%)),

@ Fori=1,2,... M
@ Sample x() ~ f(x|00~")) = Binomial(n, (")
@ Sample 1) ~ 7(9|x) = Beta(a+ x, b+ n— x()
© Repeat (1) and (2) many times.

@ The process produces samples of (x, 6).
@ Approximate f(x) with the values x(/
@ For example,

f(x) = P(X =x) = (# of X) = x)/M
@ We may also,

o (1) Sample 1) ~ 7(9|x(=1))
e (2) Sample x() ~ f(x|6®).
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# Example l:Beta-Binomial simulation
# Prior parameters

a=2; b=4; n=16

# prepare objects to save iterations
it =1500

x= rep(NA,it); th=rep(NA,it)

# set initial value

x[11=1; th[1]=0.5

# Perform Gibbs iterations

for (i in 2:it)

x[1] =rbinom(l,size=n,prob=th[i-1])
th[i] = rbeta(l,a+x[i],b+n-x[1])
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Trace plots for simulations of x and ¢
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Histogram x values (f(x))
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Histogram 6 values (7(0) )

o
N
o
=
g2 o
5 > |
8 -
[}
24
<
o
[ T T T T 1
0.0 0.2 04 06 0.8 1.0

theta

$420/620 | ion to Statistical Theory, Fall



@ In d-dimensions, we iteratively use
mi(0i]6-i, x)

(*] where@,,-:(91,62,...,9,-1,9,-+1,...,0d).

@ Gibbs sampling is an example of Markov Chain Monte
Carlo (MCMC) methods.

e A new point (5+") depends on #(%)
e Monte Carlo: pseudo-random values.

@ The limit or stationary distribution is 7(6|x).

@ Gibbs sampling assumes direct simulation from full
conditionals.

@ If full conditional simulation is not possible, then we could
use Metropolis-Hastings.
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Example: Binomial-Beta-Poisson

@ Treat nas unknown with 7w(n) = Poisson(\), (A known).
@ X ~ Binomial(n,0); =(0) = Beta(a, b)
@ The joint distribution for (X, 0, n) is:
n\ ,x n—xT(@+b) . 4 bt [ A
- 01 -6 —
(x>9 =0 rarp?” -9 e
e x=01,....nm0<0<1;n=0,1,2,....
@ Again, interested on f(x) but impossible to find in
analytic-closed form.
@ Alternatively (get rid of constants),

(0, x,n) n 93 =1(1 —9)b+"—x—1in
Y X n!
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For Gibbs Sampling, find full conditionals:
f(x16, n) o (3)6*(1 — 6)"* o< Binomial(n, 6),
7(0|x, n) oc 23X¥=1(1 — )b+"=x=1 « Beta(a+ x, b+ n — x),

m(nlf,x) oc (3)A1(1 — ) oc RO =

X, x+1,x+2,...,

If we set, z = n— x, then z ~ Poisson(\(1 — 0))
Set (x(9,0(0) n(®). Fori=1,2,3,...,

Sample x() ~ Binomial(nt=1, g(i=1)),

Sample 6() ~ Beta(a+ x), b+ (=1 — x()).
Sample n) = x() + z, z ~ Poisson(A\(1 — 8()))
Repeat until convergence is reached.
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Trace plot and histogram of n values
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Histogram of x values
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Example with Bivariate Normal Distribution

@ x = (x1,%2), p = (p1,p2) and X is a 2 x 2 covariance
matrix with diagonal entries o2, o3 and off-diagonals o+ 5.
The pdf is

(X, T) < 517 2exp (—5x— )= )

@ Marginal distributions: x; ~ N(u1,02) and xo ~ N(uz, 03).
@ For Gibbs sampling, we need f(x1|x2) and f(xz|x1). In fact

f(xilxe) = N(u1+ (012/05)(Xe — p2), 0% — (01,2/02))
f(xelx1) = N(uz+ (o12/0%)(X1 — 1), 05 — (012/01)?)

e Example with = (2,1),02 =05 =1and o2 =0.7.
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Trace plots for simulations of x; and x»
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-
Histograms for simulations of x; and x»
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British coal mining disasters data
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Example: Poisson process with a Change Point

@ Hierarchical model proposed in Carlin, Gelfand and Smith
(1992) (also see Section 3.10).
@ First stage:

Xi ~ Poisson(n),i=1,2,... k.
Xi ~ Poisson(\),i=k+1,k+2,...,m

so X; represents the observations and the parameter of
interest are (u, A, k).

@ Data consists of coal-mining disasters in the U.K.

@ Second stage: Independent priors on (u, A, k).

e k discrete uniformon {1,2,..., m}, m=sample size.
e u~ Ga(ar,by) and A ~ Ga(az, b2)
@ ay, by, a, by are fixed.
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@ The joint posterior distribution for (x4, A, k) has the form:
(4, A, KIX) o< F( X, A, K)m(p)m(A)7(K)

@ The likelihood function is:

k m
f(XI0,M k) = [[fxilw k) T f(xilx k)
i=1 i=k+1

pXie ﬁ Mig=A

X;! X;!

I
'E»

i=1 i=Kk+1

@ Therefore,

K X o m Xi@a—A
i@ H e 9 —1 = 1
w(uw\,le)fXHMXJ 11 ° (21 e hbr)(\2—1 g=2) (m)
=1 " jZker T
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@ Or equivalently,

(11, A, K[X) o 2l 6T griherb) \ae+ Sy =1 g Mm—keba)

@ Full conditional distributions,
@ 7(ulA k, X) @+ Xi= 1 g nlktbr) —
Ga(ai + Y0, x;, k + by)
(2 m(Alp, k, X) o< A&+ Xi—1g=Am—k+bz) —
Ga(a + 31" 1 Xi, M — Kk + by)
@ 7T(k|/~l*’ A X) XX 'U/Zf( 1 XIAZ,‘NLKJH X,-efk(#,)\) — [_(XW’ )\ k)

® So, plklu. A X) = stk k= 1,2..

@ Some results with the British Coal mining dlsaster data
follow.
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Metropolis-Hastings Algorithm (continuous case)

@ Sample (indirectly) a value X from a pdf f(x).
@ In Bayesian problems f(x) is the posterior distribution.

@ Need a trial or proposal density q(x, y) > 0.

@ Set aninitial value X©. Forn=1,2,...,
@ Given X(") = x, generate Y = y, from q(x, y).

© Compute,
: f(y)a(x, y)}
a=ming1, ——==<
{ f(x)a(x.y)
Q U~ U(0,1). If U< a, then X("t1) = y. Otherwise,
X(n+1) — x

© Change nto n+ 1 and go back to 2.
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@ Common to run algorithm say 1000 iterations and delete
the first, say 100 (burn-in).

@ Under a symmetric proposal (Metropolis), q(x, y) = q(y, x)
and )
- )
@ Random walk proposal,
y=x+zz~ N(O,H).

@ his a scaling parameter.

@ his specified so that 40% — 60% acceptance rate is
achieved.
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.
Example with Bivariate Normal Distribution
@ 0 =(01,02), p = (p1,12) and Sis a 2 x 2 covariance

matrix with diagonal entries s; 1, So » and off-diagonals
S12=3521. The pdf is

(6) x S| 2exp (- 36 - 'S (0~ )
@ Marginal distributions: 6y ~ N(u1,s1,1) and

0> ~ N(p2, S2.2).
@ Example with = (2,1), s11 =822 =1and sy =0.7.
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e Trial or candidate density q(6,6'), also a bivariate normal
so
6 =0+zz~N0,Y)
@ with X a diagonal matrix with diagonal entries 0.6, 0.4.
@ z; ~ N(0,0.6) and z, ~ N(0,0.4).
@ Random walk proposal so q(6,8') = q(6', ).
@ The Metropolis ratio is:

N @) |
a(6,0) = mm{1,ﬂ(9)}_
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@ From an initial point 6. Fori=1,2, ...,
6 =00-1 4z
@ Then compute the acceptance probability, a(8V~"),6").
@ Make 01) = 6" if U < a(6V="), 0").
@ Otherwise, () = g(—1).
@ From 6 = (—1,3), we'll look at:
e Time series plots of 6 = (61, 62) values.

e Histograms of marginal samples for 61 and 6-.
o Bivariate plots of samples.
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1000 simulations fr
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