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1 IntrodutionTime varying autoregressive (TVAR) models have provided useful empirial represen-tations of non-stationary time series in various applied �elds. Sine the early 1980s,W. Gersh, G. Kitagawa and oauthors, have demonstrated the exibility of high-orderTVAR models to desribe hanges in the stohasti struture of series with marked andtime-varying periodiities. These authors have foussed on issues of hanges in the in-stantaneous power spetra implied by the TVAR models, and questions of feedbak andtime lags in multiple time series in the analysis of seismi and eletroenephalographidata (e.g., Kitagawa 1983, Gersh 1987, Kitagawa and Gersh 1996).More reently, useful time series deomposition results were introdued in West(1997) to explore latent quasi-periodi omponents in standard AR models. Thesemethods provide useful insights into the latent struture of observed time series thatoften have physial interpretations. In onnetion with these developments, Huertaand West (1999) proposed a novel lass of priors for model parameters and modelorder, that haraterise the number and struture of latent underlying omponents inAR proesses. West et al. (1999), Prado and West (1997) and Prado (1998), extendedthe deomposition theory introdued in West (1997), to the important lass of TVARmodels, and disussed pratial issues of model �tting and resulting inferenes foromponent struture underlying non-stationary time series. These works have proventhe great utility of suh deomposition methods in applied areas, in partiular in studiesof eletroenephalogram (EEG) reordings on human subjets (Krystal et al. 1999).Standard TVAR models and deompositions are easily implemented using sequen-tial updating and �ltering/smoothing algorithms for dynami linear models (West andHarrison, 1997). However, due to the developments of Markov Chain Monte Carlo(MCMC) methods, eÆient algorithms are available for implementation of more ex-ible and sophistiated time series models (e.g. Carter and Kohn 1994, de Jong andShephard 1995). In partiular, Prado and Huerta (1999), deal with model order uner-tainty within the TVAR modelling framework via MCMC methods. This work fouseson issues of studying how inferene on latent struture is a�eted when unertainty onmodel order is onsidered. In onnetion with the use of sophistiated simulation meth-ods for model implementation, a key area of urrent researh interest in time series isfoussed on adapting simulation methods to a sequential analysis ontext via partile�ltering. Pitt and Shephard (1999) and Douet et al. (2000) are key referenes inthis area. Additionally, methods for performing Monte Carlo smoothing in non-linearnon-Gaussian dynami models, with appliations to TVAR models are developed inGodsill et al. (2000).The purpose of this paper is to review the reent theory of TVAR modelling andrelated deomposition results, with emphasis on the use of suh theory in appliedareas. Current and future researh diretions will be highlighted here. In Setion 2 weintrodue TVAR models and desribe the deomposition struture for the univariateand multivariate ases. In Setion 3 we onsider extensions of the TVAR models and2



deompositions to address model order unertainty. Various analyses of non-stationaryEEG series illustrate the methodology and implied pratial aspets of the theorydesribed in Setions 2 and 3. Finally, Setion 4 provides summary omments andfuture diretions.2 TVAR models and deomposition theory2.1 Model spei�ationA univariate time series xt, follows a time-varying autoregressive model of �xed orderp, or TVAR(p), if xt = pXj=1�t;jxt�j + �t; (1)where �t = (�t;1; : : : ; �t;p)0 is the time-varying vetor of oeÆients and �t are zero-mean independent innovations assumed Gaussian with possibly time-varying varianes�2t . No expliit stationarity onstraints are imposed on the AR parameters at eahtime t. However, if suh parameters lie in the stationary region, as it is the ase inmany appliations, the series an be thought as loally stationary and the hanges inthe parameters over time represent global non-stationarities.The model is ompleted by speifying the evolution struture for �t and �2t . Herewe assume that the AR parameters evolve aording to a random walk, however, moreomplex evolution modelling omponents may be spei�ed. A random walk evolutionstruture on �t, that is, �t = �t�1 + �t with �t � N(0;Wt), provides adaptation tothe hanging struture of the series over time without antiipating spei� diretions ofhanges (West and Harrison 1997, hapter 3). The variation in time of �t is ontrolledvia standard disount fator methods (West and Harrison 1997). A single disount fa-tor � 2 (0; 1℄ leads to values of eahWt suh that low values of � imply high variabilityof the �t sequene, while high values, in the range 0.9-0.999, are typially onsideredin pratie. Similarly, the hanges in time of �2t are modelled with a multipliativerandom walk �2t = �2t�1(Æ=�t), where �t are mutually independent and independent of�t and �t, and with �t � Beta(at; bt). The parameters at and bt are de�ned at eah tby a disount fator Æ 2 (0; 1℄ analogous to �. Suitable values for the disount fatorsand the model order p may be obtained via marginal likelihoods, mean square errors ormean absolute deviations as disussed in West et al. (1999) and Prado (1998). Givenp, the TVAR model an be framed as a dynami linear regression with model oeÆ-ients �t. The equations for sequential updating and retrospetive �ltering/smoothingof general dynami linear models (West and Harrison 1997, hapter 4) lead to posteriorinferenes on �t and �2t .
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2.2 Time series deompositionsIn reent years, applied interests in a variety of �elds have stimulated Bayesian timeseries researh foussed on latent time-frequeny struture analysis. In partiular,deomposition methods and related theory and analysis for TVAR models have beenreently developed in West et al. (1999), Prado and West (1997) and Prado (1998).This setion reviews the key points of these developments.Consider a general dynami linear model (DLM) in whih the observed salar timeseries yt, t = 1; 2; : : : ; is modelled asyt = xt + �t; xt = F0�t; �t = Gt�t�1 + !t; (2)where xt is the latent signal, �t is an observation error, �t is a d � 1 state vetor, Fis a olumn d-vetor, Gt is the d� d state evolution matrix and !t is the d-vetor ofstate innovations. The state evolution matrix Gt may depend on unertain, possiblytime-varying parameters. The noise terms �t and !t are mutually unorrelated whitenoise, though more omplex strutures may be onsidered to handle measurement errorand outlier omponents (Carter and Kohn 1994; West 1997).The deomposition results summarised below are based on standard theory of modelstruture and similar models (West and Harrison 1997, hapter 5). Assume that ateah time t, the state matrixGt in (2) has exatly d di�erent eigenvalues, some of whihould be omplex and in suh ase they will appear in onjugate pairs. The number ofomplex and real eigenvalues may vary over time but, for the sake of simpliity, assumethat at eah time t there are  pairs of omplex eigenvalues denoted by rt;j exp(�i!t;j)for j = 1; : : : ; , and r = d � 2 real eigenvalues denoted by rt;j for j = 2 + 1; : : : ; d.Then Gt = EtAtE�1t where At is the diagonal matrix of eigenvalues in arbitrary but�xed order, and Et is a d � d matrix whose olumns orrespond to the eigenvetorsappearing in the order given by the eigenvalues. For eah t de�ne Ht = diag(E0tF)E�1tand linearly transform the state parameter vetor �t to t = Ht�t. Then, rewriting(2) we have yt = xt + �t; xt = 10t; t = AtKtt�1 + Æt; (3)where 1 = (1; 1; : : : ; 1)0, Æt = Ht!t is a zero-mean normal innovation with a struturedand singular variane matrix and Kt = HtH�1t�1. Then (3) implies that xt is the sum ofthe individual omponents of t = (t;1; : : : ; t;d)0. The �nal r elements of t are real-valued proesses, orresponding to the real eigenvalues rt;j. Rename these proesses yt;j.The initial 2 elements of t appear in omplex pairs and therefore zt;j = t;2j�1+ t;2jis also a real-valued proess. Then, the basi deomposition result for the lass ofmodels that an be expressed in the form (2) is simplyxt = Xj=1 zt;j + dXj=2+1 yt;j: (4)4



Given known, estimated or simulated values of F, Gt and �t at eah time t, theproesses zt;j and yt;j an be evaluated over time by omputing the eigenstrutureof the evolution matrix Gt and the linear transformations desribed above. We nowexplore the struture of the proesses zt;j and yt;j for the lass of TVAR and vetor ARmodels.2.2.1 Deompositions for TVAR modelsThe TVAR model (1) an be expressed in a DLM or state-spae model form (2), withd = p, �t = 0, F = (1; 0; : : : ; 0)0, �t = (xt; xt�1; : : : ; xt�p+1)0, !t = �tF andGt � G(�t) = 0BBBBBBB� �t;1 �t;2 : : : �t;p�1 �t;p1 0 : : : 0 00 1 : : : 0 0... . . . ...0 0 : : : 1 0
1CCCCCCCA :The eigenvalues of Gt are the reiproals roots of the instantaneous autoregressiveharateristi equation at time t, �t(u) = (1 � �t;1u � : : : � �t;pup). In partiular,for the standard AR(p) proess Gt = G, therefore rt;j = rj for j = 1; : : : ; p and!t;j = !j for j = 1; : : : ; . Furthermore, it is easy to see that eah yt;j follows astandard AR(1) proess with AR parameter rj, and eah zt;j follows an ARMA(2,1)whose AR(2) omponent is quasi-periodi with onstant harateristi frequeny !j (orwavelength 2�=!j) and modulus rj (West et al. 1999). In this ase, the deompositionis essentially that derived by the partial frations deomposition of an AR(p) proessin the stationary ase (Box and Jenkins 1976).In the general TVAR ase eah yt;j is dominated by a TVAR(1) with time-varyingAR parameter rt;j, while eah zt;j is dominated by a TVARMA(2,1) with time-varyingharateristi frequeny !t;j and modulus rt;j. The stohasti struture of yt;j and zt;jis not exatly represented by TVAR(1) and TVARMA(2,1) omponents, sine there isan element of linear mixing of the latent proesses through time. However, the mixingomponents are negligible in most pratial appliations. The main point for this resultis that the matrix Kt in equation (3) for a TVAR model, will generally not be equalto the identity, a key feature for the speial latent struture on a onstant AR model.Kt will be lose to the identity when Gt and Gt�1 are similar, i.e. in ases when�t hanges slowly in time. When the Kt matries are very lose to identity matriesthe omponent proesses in the deomposition have a struture almost ompletelydominated by TVAR(1) and TVARMA(2,1) proesses. A detailed disussion on thistopi appears in Prado (1998) and West et al. (1999).2.2.2 Multivariate DeompositionsThe univariate deompositions presented above have a diret extension to the mul-tivariate framework. Details of the results summarised here an be found in Prado5



(1998).Consider an m-dimensional time series proess yt = (y1;t; : : : ; ym;t)0 modelled usinga multivariate DLM (West and Harrison 1997, hapter 16)yt = xt + �t; xt = F0�t; �t = Gt�t�1 + !t; (5)where xt is the underlying m-dimensional signal, � t is an m-dimensional vetor ofobservation errors, F is a d�m matrix of onstants, �t is the d-dimensional state vetor,Gt is the d � d state evolution matrix and !t is a d-vetor of state innovations. Thenoise terms �t and !t are zero mean innovations, assumed independent and mutuallyindependent with variane-ovariane matries Vt and Wt respetively. As in theunivariate ase, assume that Gt has exatly d distint eigenvalues at eah time t, with pairs of omplex eigenvalues rt;j exp(�!t;j) for j = 1; : : : ; , and r = d � 2 realeigenvalues rt;j for j = 2+1; : : : ; d. De�ne m matries Hi;t = diag(E0tFi)E�1t , with Fithe i-th olumn of the matrix F, and onsider m new state vetors i;t = Hi;t�t and mnew state innovation vetors Æi;t = Hi;t!t for i = 1; : : : ; m. Then, we obtain m DLMs,Mi, one for eah of the salar omponents of xt, that isMi : xi;t = 10i;ti;t = AtKi;ti;t�1 + Æi;t; (6)with Ki;t = Hi;tH�1i;t�1. Therefore, using the deomposition results for univariate timeseries, xi;t an be expressed as a sum of d omponentsxi;t = Xj=1 zi;t;j + dXj=2+1 yi;t;j; (7)where zi;t;j are real-valued proesses related to the pairs of omplex eigenvalues for j =1; : : : ; , and yi;t;j are real proesses related to the real eigenvalues for j = 2+1; : : : ; d.In partiular, if xt = (xt;1; : : : ; xt;m)0 follows an m-dimensional vetor autoregressivemodel, VAR(p) xt = pXj=1�jxt�j + �t (8)where �j are m�m matries of AR oeÆients and �t are m-dimensional zero meaninnovation vetors with ovariane matrix V, it is easy to see that eah xt;i serieshas a deomposition as the sum of several AR(1) and ARMA(2; 1) proesses. Thezi;t;j proesses in the deomposition are quasi-periodi, following ARMA(2,1) modelswith harateristi frequenies and moduli !j and rj for j = 1; : : : ; , while the yi;t;jproesses have an AR(1) struture with AR oeÆients rj for j = 1; : : : ; mp. Thus,eah univariate element xi;t has a deomposition whose latent ARMA(2,1) and AR(1)proesses are haraterised by the same frequenies and moduli aross i, though thephases and amplitudes assoiated with these omponents are spei� to eah univariateelement xi;t. 6
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Figure 1: top frame: data and estimated omponents in the deomposition of EEGseries Fz based on a TVAR(12) model. From the bottom up, the graph displays thetime series followed by two estimated omponents in order of inreasing harateristifrequeny. Bottom frames: trajetories and 95% posterior bands of the estimatedharateristi frequeny and modulus of the lowest frequeny omponent in series Fz.2.3 Latent struture in multiple EEG traesVarious applied studies have been generated reently in the area of EEG analysis (Pradoand West 1997, Krystal et al. 1999, Prado et al. 2000). We illustrate the use of TVARmodels and deompositions in the analysis of an EEG trae from a dataset previouslystudied in Prado and West (1997) and Prado et al. (2000). The EEG series analysedhere is one of 19 traes reorded at di�erent salp loations during a patient seizure,eliited by eletroonvulsive therapy (ECT) as antidepressant treatment. Details onthe analyses of the full dataset via TVAR models and related deomposition theory anbe found in Prado and West (1997), and further developments, inluding estimation oftime-varying lag/lead struture among the 19 hannels, appear in Prado et al. (2000).The purpose of these studies is to explore di�erenes and ommonalities in latentstruture aross the 19 traes in order to haraterise aspets of the spatio-temporaldynamis that improve the understanding of the physiology driving the antidepressante�etiveness of ECT.The top frames of �gures 1 and 5 display a setion of an EEG series reorded at ahannel loated in the entral frontal ortial region of a patient salp, named Fz inEEG nomenlature. The series displays high frequeny osillations at the beginningthat slowly deay into lower frequenies, aompanied by an inrease in the amplitude of7



the signal, relative to the amplitude observed at initial stages, until it �nally dereasestowards the end of the seizure episode. Figure 1 (top frame) displays the data andtwo of the estimated latent omponents in the deomposition of the series, based ona TVAR(12) model with onstant observational variane �2t = �2, and disount fator� = 0:996 ontrolling the variability of �t. Components (1) and (2) orrespond tothe highest amplitude omponents, lying in the delta (0 to 4 Hz) and theta (4 to8 Hz) frequeny bands. These omponents are individual proesses dominated byTVARMA(2,1) quasi-periodi strutures. Proess (1) is dominated by a TVARMA(2,1)with a time-varying harateristi frequeny that gradually deays in time, as shownin the left bottom frame of �gure 1. This omponent, harateristi of slow-waves thatusually appear in middle and late phases of e�etive ECT seizures (Weiner and Krystal1993), also dominates in amplitude, having moduli values higher than 0.8 during mostof the seizure ourse (see right bottom frame of �gure 1). Component (2) lies in thetheta frequeny band and is muh lower in amplitude and modulus than omponent(1). Higher frequeny omponents also appear in the deomposition having muh loweramplitudes than the lower frequeny omponents that really haraterise the seizureepisode.The trajetories in time of the harateristi frequeny and modulus of the latentproesses in the deomposition have an equivalent frequeny-domain interpretation.In ases where the stationarity onditions are satis�ed, i.e. if jrt;jj < 1, the instanta-neous spetral density of eah latent quasi-periodi proess zt;j is peaked around itsharateristi frequeny !t;j and the sharpness of the peak is an inreasing funtion ofits harateristi modulus rt;j. Then, the spetrum of the full signal is time-varying,given at eah time t as the produt of the instantaneous spetra of the yt;j and of theAR part of zt;j. The top frames of �gure 2 display six instantaneous spetra, om-puted at posterior mean estimates of the AR parameter �t at di�erent times duringthe seizure ourse. The vertial dotted lines indiate the value of the frequeny (inHz or yles/se) with the highest peak in eah spetrum. The bottom frame of the�gure displays the evolution of the instantaneous spetra omputed at estimated pos-terior means of the AR parameter �t at 50 equally spaed time points over the seizureourse. The dotted lines orrespond to the spetra displayed at the top frames. Asseen previously in the time-domain graphs displayed in �gure 1, the estimated spetrashow that the EEG signal is dominated by the quasi-periodi proess with the lowestharateristi frequeny. The frequeny is time-varying, having estimated values higherthat 5 Hz at the beginning of the seizure that gradually deay towards the end (seedotted vertial lines). The degree of sharpness in the estimated spetra also varies overtime, being sharpest at early-entral portions of the seizure. This result is onsistentwith the estimated modulus trajetory in time of the latent proess (1) displayed in�gure 1.
8
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Figure 2: top frame: instantaneous estimated AR spetra for hannel Fz omputed attimes t = 260; 1060; 1780; 2420; 3140; 3860. Bottom frame: evolution of the instanta-neous spetra omputed at estimated posterior mean values of �t at 50 equally spaedpoints along the seizure ourse. 9



2.3.1 Additional time-varying lag/lead struture in the multiple EEG traesSimilar univariate TVAR(12) analyses and related deompositions yield to similar in-ferenes aross the full set of 19 EEG traes (Prado and West 1997). The instantaneousAR harateristi polynomials exhibit and maintain at least two pairs of omplex on-jugate roots aross the 19 series, one of whih orresponds to the dominant \seizure"latent proess that lies in the delta frequeny band. The range of values taken bythe harateristi frequenies and moduli of the lowest frequeny omponents over theseizure ourse, is onsistent aross the 19 EEG hannels. Suh ommon patterns sug-gest the notion of modelling the multiple traes via latent fator models, with one ortwo quasi-periodi latent proesses or fators driving the behaviour of the series. Asthe fators may have a di�erent impat on hannels loated at di�erent sites on thepatient salp, the inuene of the fators on eah EEG series would be then weightedby individual regression oeÆients or fator weights. This diretion was antiipated inPrado and West (1997) and further developed in Prado (1998) and Prado et al. (2000).Single fator model analyses of the multiple series reveal a spatial struture aross the19 EEG traes that univariate TVAR models are not able to apture: hannels loatedloser on the salp display similar estimated values of the fator weights. However, asdisussed in Prado et al. (2000), ross-orrelograms of the residuals of these modelsexhibit time dependent phase delays between some of the hannels, evidening sub-stantial remaining struture aross the 19 series. This motivates the use of dynamiregression models with time-varying lag/lead strutures. We now desribe suh modelsfollowing Prado et al., (2000).Let yi;t be the observation reorded at time t on hannel i and onsider the modelyi;t = �(i;t)xi�li;t + �i;t�(i;t) = �(i;t�1) + !i;t; (9)where xt is an underlying proess assumed known at eah time t; li;t is the lag/lead thatyi;t displays with respet to xt, with li;t 2 f�k0; : : : ; 0; : : : ; k1g and k0; k1 known; �(i;t) isthe dynami regression oeÆient of xt for hannel i; �i;t and !i;t are independent andmutually independent zero mean innovations with varianes vi and si;t. The hangesin lag/lead struture over time are desribed via a one-step Markov hain model withknown transition probabilities p(li;t = kjli;t = m), k;m 2 f�k0; : : : ; 0; : : : ; k1g, while arandom walk is adopted to model the evolution of �(i;t). We also assume that �t;i and!t;i are independent aross hannels so that the equations (9) desribe a olletion ofunivariate models rather than a multivariatem-dimensional model. The spei�ation ofthe evolution varianes si;t is handled via standard disount fator methods. One thepriors on �(i;0) and vi are spei�ed, posterior inferene may be obtained via ustomisedMCMC algorithms detailed in Prado et al. (2000).Given that xt is the same �xed underlying proess for all hannels it is possibleto make omparisons between hannels by omparing the estimated values of �(i;t)and li;t aross i over time. Figure 3 displays the estimated posterior means of the ��10
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Figure 3: estimated posterior means of the dynami fator weights at seleted timepoints.oeÆients for all the hannels at seleted time points during the seizure, based ona model that takes xt = yt;Cz, that is, xt is the atual signal reorded at the hannelloated entrally, at the very top of the salp. Details on the priors, disount fators andtransition probabilities onsidered, as well as a disussion on MCMC onvergene forthis model appears in Prado et al. (2000). The values that appear at the approximateeletrode loations in the graphs orrespond to the atual estimated posterior meanvalues. In addition, an image plot, reated by linear interpolation of �̂(i;t) onto a gridde�ned by the approximate eletrode loations is displayed. Dark intensities orrespondto high values of the regression oeÆients while light intensities math low values.Various features of the spatio:temporal relations between hannels are evident fromthese pitures. The graphs exhibit marked patterns of relations aross neighbouringhannels: a given hannel shares more similarities with hannels loated loser to it.There is also an element of asymmetry, more evident towards the end of the seizure.Channels loated at right-fronto temporal sites have smaller regression oeÆient valuesthan hannels loated at left-fronto temporal sites.Figure 4, displays estimated lag/leads, based on posterior means of the l� quantitiesat di�erent time points over the seizure. If a given site shows the lightest intensity attime t, then the signal reorded at this site is delayed in two units of time with respetto the signal reorded at site Cz. Similarly, if a site shows the darkest intensity at timet then the signal reorded at this site leads the signal reorded at site Cz in two unitsof time. Central portions of the seizure display intense lag/lead ativity haraterisedby lags in the oipital regions and leads in the frontal and pre-frontal regions with11
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Figure 4: dynami lag/leads based on posterior mean estimates.respet to hannel Cz while almost no lags/leads are apparent at the beginning andtowards the end of the seizure.3 Time-variation on model orderA vast literature of time series models that inorporate model unertainty via Markovhain Monte Carlo (MCMC) methods has ourished in reent years. Examples forthe ase where the lass of models is restrited to the linear autoregressive proessare, among others, Barnett et al. (1996); Barbieri and O'Hagan (1997); Troughtonand Godsill (1997). More reently, Huerta and West (1999) inorporated model orderunertainty on an AR(p) with emphasis on prior spei�ation for latent struture.For general DLMs, West and Harrison (1997, hapter 12), following Harrison andStevens (1976), present the multi-proess lass of models, where model unertainty isaddressed using mixtures of onjugate DLMs. When some of the DLMs in onsidera-tion are not onjugate but onditionally onjugate, the multi-proess analysis requiresForward Filtering Bakward Simulation (FFBS) algorithms (Carter and Kohn 1994;Fr�uhwirth-Shnatter 1994) to obtain posterior model probabilities. Prado and Huerta(1999), adopt this approah to deal with model order unertainty for TVAR models.We now review the main ideas of this work.A time-varying autoregression with time-varying order pt, is desribed byxt = ptXj=1�t;jxt�j + �t; (10)12



where the autoregressive oeÆients hange in time aording to a random walk, asde�ned for a TVAR(p). For simpliity, �t are zero-mean innovations, assumed Gaus-sian with onstant variane �2, but extensions to the time-varying ase follow easily.Additionally, assume that pt, the order of the autoregression at time t, is an integerthat takes values between a �xed lower bound pmin and a �xed upper bound pmax. TheTVAR(pt) model in (10), is a sub-model of a �xed order TVAR(pmax) desribed byxt = pmaxXj=1 �t;jxt�j + �t; (11)with a pmax-dimensional vetor of oeÆients �t = (�t;1; : : : ; �t;pt; 0; : : : ; 0)0. Modelompletion requires spei�ation of an initial prior for (�1; �2) and details onernedwith the evolution of model parameters. Relatively di�use normal/inverse gammapriors are used on �1, and vague inverse-gamma priors on �2. The evolution of ptis onsidered as a �rst order disrete random walk with known transition probabili-ties. Posterior inferene of the TVAR(pt) follows a two-stage Gibbs sampling format.Conditional on model orders, the standard sequential updating and retrospetive �l-tering/smoothing algorithms for DLMs apply to update �t and �2. The seond stageonsists on sampling from the onditional posterior distribution of model orders, giventhe �t for all t and �2, via the �ltering/smoothing algorithm for disrete random vari-ables of Carter and Kohn (1994). Full desription of the simulation algorithm andmathematial details appear in Prado and Huerta (1999).3.1 Deompositons for time-varying autoregressionsDeomposition of a TVAR(pt) is obtained via deomposition theory for a generalDLM. The representation of the TVAR(pt) in DLM form involves an evolution matrixGt that has pt distint non-zero eigenvalues and a zero eigenvalue with multipliitypmax � pt. The deompositon result is derived from similarity transformations andeigenvalue/eigenvetor representation in Jordan form of Gt (West and Harrison 1997).The result is now xt = tXj=1 zt;j + ptXj=2t+1 yt;j; (12)where t is the number of omplex pairs of non-zero eigenvalues of Gt. Notie that thedeomposition results is analogous to (4), but now the number of omponents dependon time varying t and pt. As in the �xed order TVAR ase, zt;j are related to theomplex non-zero eigenvalues of Gt and dominated by a TVARMA(2,1). The yt;j arerelated to the real non-zero eigenvalues of Gt and dominated by a TVAR(1). Completedevelopments are reported in Prado and Huerta (1999).
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0 1000 2000 3000 4000Figure 5: From the top down we have the EEG data and a graph of the estimatedposterior mean for model order at eah time t with 95% posterior bands.3.2 Desribing hanges in the number of latent EEG proessesConsider again the EEG series displayed in �gure 1. The latent omponents shown inthe graph were omputed using estimated posterior means for the AR oeÆients andthe innovations variane of a TVAR(12) model. Here, we model the same series with aTVAR(pt), where pt may take values from pmin = 0 up to pmax = 14. Di�erent values forthe lower and upper bands pmin and pmax were onsidered, leading to similar inferenesin terms of the latent struture. Disount fators in the range of 0:99�0:999 were usedto ontrol de evolution of the AR oeÆients in time. Suh values impose smoothnessrestritions on the hanges of �t in time that are typial in EEG analyses (West et al.,1999). Similarly, the transition probability struture that desribes the evolution of ptin time is spei�ed to impose smoothness onditions, allowing to inlude or delete onlyone harateristi root - omplex or real - at eah time t. Spei�ally in this example,denoting qij = P [pt = ijpt�1 = j℄ , we take qii = 0:99 for all i, qi;i+1 = qi;i�1 = 0:004,qi;i+2 = qi;i�2 = 0:001 for 2 � i � 12, q0;1 = q0;2 = q14;13 = q14;12 = 0:005, q1;0 =q1;2 = q13;14 = q13;12 = 0:004 and q1;3 = q13;11 = 0:002. In addition, a disrete uniformprior on model order, P (p1 = i) = 1=15 for all i, and relatively di�use onjugatenormal/inverse-gamma priors were used for the AR oeÆients and the innovationsvariane.Figure 5 displays from the top down, the data and the trajetory in time of theestimated posterior mean for model order (solid line) with 95% posterior probabilitybands (dotted lines). The instantaneous posterior means and probability bands for14



model order are based on 4,000 samples taken from 17,000 iterations of the Gibbssampler after a burn-in of 3,000 iterations for MCMC onvergene. The graph showsthat the model order is higher roughly between t = 400 and t = 2000, indiating thatthe latent struture is more omplex during this period than at the beginning of theseizure and after t = 2000. The posterior mean osillates around 12 between t = 400and t = 2000, with 95% bounds in the range from 10 to 14. Approximately at t = 1800the unertainty on model order starts to inrease, with 95% posterior bands in the 2to 10 range. This is onsistent with the relatively broad posterior bands observed inthe graphs of the trajetories in time of the harateristi frequeny and modulus ofomponent (1) in the deomposition obtained with a TVAR(12) (see �gure 1).4 Disussion and future diretionsTime-varying autoregressive models onstitute a suitable lass of models to study thebehaviour of non-stationary time series. The related deomposition theory summarisedhere, has proven useful in a variety of appliations where the interest lies in disoveringand interpreting latent struture in the series. Via eÆient MCMC simulation, themodel may be extended to have time varying order whih permits to desribe thehanges in the number of latent omponents.Related researh for latent struture in DLMs appears in Aguilar and West (2000).These authors propose dynami fator models that inoporate stohasti volatitilityomponents for latent fator proesses. The models are diret generalisations of uni-variate stohasti volatility models, and represent spei� varieties of models reentlydisussed in the growing multivariate stohasti volatility literature. The entral goalof suh models is to explain patterns of orrelation among series by a small numberof latent fator proesses. In di�erene to the TVAR modelling framework, the latentstruture of dynami fator models is inheritely imposed by the model spei�ationand not disovered with a time series deomposition result.Current researh onsiders the multivariate deomposition results of setion 2.2.2, toextend the prior spei�ations of Huerta and West (1999) for univariate AR proesses tomultivariate vetor autoregressive models. In fat, a �rst extension proposes a diagonalVAR(p) with a prior that allows for possible zero harateristi roots,i.e. takes intoaount model order unentainty, but also allows for potential ties of harateristiroots aross series. These devolopements are also onsidered for multivariate time-varying vetor autoregressions.
15



BibliographyAguilar, O. and West, M. (2000) Bayesian dynami fator models and variane matrixdisounting for portafolio alloation. Journal of Business and Eonomi Statistis(to appear).Barbieri, M.M. and O'Hagan, A. (1997) A reversible jump MCMC sampler for Bayesiananalysis of ARMA time series. Tehnial Report. Department of Statistis Universita"La Sapienza".Barnett, G., Kohn, R. and Sheather, S. (1996) Bayesian estimation of an autoregressivemodel using Markov Chain Monte Carlo. Journal of Eonometris, 74, 237{254.Box, G.E.P. and Jenkins, G.M. (1976) Time Series Analysis: Foreasting and Control,2nd edn. San Franiso: Holden-Day.Carter, C.K. and Kohn, R. (1994) Gibbs sampling for state spae models. Biometrika,81, 541{53.Douet, A., Freitas, J. F. G. De and Gordon, N. J. (2000) Sequential Monte CarloMethods in Pratie. Springer-Verlag.Fr�uhwirth-Shnatter, Sylvia (1994) Data augmentation and dynami linear models.Journal of Time Series Analysis, 15, 183{102.Gersh, W. (1987) Non-Stationary multihannel time series analysis. In EEG Hand-book, Revised Series (ed. A. Gevins), vol. 1, pp. 261{96. New York: Aademi Press.Godsill, S. J., Douet, A. and West, M. (2000) Methodology for Monte Carlo smoothingwith appliation to time-varying autoregressions. Tehnial Report 00-01. ISDS,Duke University.Harrison, P.J. and Stevens, C.F. (1976) Bayesian foreasting (with disussion). Journalof the Royal Statistial Soiety-Series B, 38, 205{247.Huerta, G. and West, M. (1999) Priors and omponent strutures in autoregressivetime series models. Journal of the Royal Statistial Soiety-Series B, 61, 1{19.de Jong, P. and Shephard, N. (1995) The simulation smoother for time series models.Biometrika, 82, 339{350.Kitagawa, G. (1983) Changing spetrum estimation. J. Sound and Vibration, 89,443{445.Kitagawa, G. and Gersh, W. (1996) Smoothness Priors Analysis of Time Series,Leture Notes in Statistis, vol. 116. New-York: Springer-Verlag.16



Krystal, A. D., Prado, R. and West, M. (1999) New methods of time series analyisof non-stationary EEG data: eigenstruture deompositions of time varying autore-gressions. Clinial Neurophysiology, 110, 2197{2206.Pitt, M. K. and Shephard, N. (1999) Filtering via simulation: auxiliary partile �lters.Journal of the Amerian Statistial Assoiation, 94, 590{599.Prado, R. (1998) Latent struture in non-stationary time series. Ph.D. Thesis. DukeUniversity, Durham, NC.Prado, R. and Huerta, G. (1999) Time varying autoregressions with model order uner-tainty. Tehnial Report. Centro de Estad��stia y Software Matem�atio, UniversidadSim�on Bol��var.Prado, R. and West, M. (1997) Exploratory modelling of multiple non-stationary timeseries: Latent proess struture and deompositions. In Modelling Longitudinal andSpatially Correlated Data. Methods, Appliations, and Future Diretions, New York(eds T.G. Greogoire, D.R. Brillinger, P.J. Diggle, E. Russek-Cohen, W.G. Warrenand R.D. Wol�nger), Leture Notes in Statistis 12. Springer Verlag.Prado, R., West, M. and Krystal, A.D. (2000) Multi-hannel eeg analyses via dy-nami regression models with time-varying lag/lead struture. Journal of the RoyalStatistial Soiety, Ser. C (to appear).Troughton, P.T. and Godsill, S.J. (1997) Bayesian model seletion for time series usingMarkov Chain Monte Carlo. Tehnial Report. Signal Proessing and Communia-tions Laboratory. Department of Engineering, University of Cambridge.Weiner, R.D. and Krystal, A.D. (1993) EEG monitoring of ECT seizures. In TheClinial Siene of Eletroonvulsive Therapy, Washington, DC (ed. C.E. Co�ey),pp. 93{109. Amerian Psyhiatry Press.West, M. (1997) Time series deomposition. Biometrika, 84, 489{494.West, M. and Harrison, J. (1997) Bayesian Foreasting and Dynami Linear Models(2nd Edn.). New York: Springer-Verlag.West, M., Prado, R. and Krystal, A. (1999) Latent struture in non-stationary timeseries with appliation in studies of EEG traes. Journal of the Amerian StatistialAssoiation, 94, 375{387.
17


