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1 Introdu
tionTime varying autoregressive (TVAR) models have provided useful empiri
al represen-tations of non-stationary time series in various applied �elds. Sin
e the early 1980s,W. Gers
h, G. Kitagawa and 
oauthors, have demonstrated the 
exibility of high-orderTVAR models to des
ribe 
hanges in the sto
hasti
 stru
ture of series with marked andtime-varying periodi
ities. These authors have fo
ussed on issues of 
hanges in the in-stantaneous power spe
tra implied by the TVAR models, and questions of feedba
k andtime lags in multiple time series in the analysis of seismi
 and ele
troen
ephalographi
data (e.g., Kitagawa 1983, Gers
h 1987, Kitagawa and Gers
h 1996).More re
ently, useful time series de
omposition results were introdu
ed in West(1997) to explore latent quasi-periodi
 
omponents in standard AR models. Thesemethods provide useful insights into the latent stru
ture of observed time series thatoften have physi
al interpretations. In 
onne
tion with these developments, Huertaand West (1999) proposed a novel 
lass of priors for model parameters and modelorder, that 
hara
terise the number and stru
ture of latent underlying 
omponents inAR pro
esses. West et al. (1999), Prado and West (1997) and Prado (1998), extendedthe de
omposition theory introdu
ed in West (1997), to the important 
lass of TVARmodels, and dis
ussed pra
ti
al issues of model �tting and resulting inferen
es for
omponent stru
ture underlying non-stationary time series. These works have proventhe great utility of su
h de
omposition methods in applied areas, in parti
ular in studiesof ele
troen
ephalogram (EEG) re
ordings on human subje
ts (Krystal et al. 1999).Standard TVAR models and de
ompositions are easily implemented using sequen-tial updating and �ltering/smoothing algorithms for dynami
 linear models (West andHarrison, 1997). However, due to the developments of Markov Chain Monte Carlo(MCMC) methods, eÆ
ient algorithms are available for implementation of more 
ex-ible and sophisti
ated time series models (e.g. Carter and Kohn 1994, de Jong andShephard 1995). In parti
ular, Prado and Huerta (1999), deal with model order un
er-tainty within the TVAR modelling framework via MCMC methods. This work fo
useson issues of studying how inferen
e on latent stru
ture is a�e
ted when un
ertainty onmodel order is 
onsidered. In 
onne
tion with the use of sophisti
ated simulation meth-ods for model implementation, a key area of 
urrent resear
h interest in time series isfo
ussed on adapting simulation methods to a sequential analysis 
ontext via parti
le�ltering. Pitt and Shephard (1999) and Dou
et et al. (2000) are key referen
es inthis area. Additionally, methods for performing Monte Carlo smoothing in non-linearnon-Gaussian dynami
 models, with appli
ations to TVAR models are developed inGodsill et al. (2000).The purpose of this paper is to review the re
ent theory of TVAR modelling andrelated de
omposition results, with emphasis on the use of su
h theory in appliedareas. Current and future resear
h dire
tions will be highlighted here. In Se
tion 2 weintrodu
e TVAR models and des
ribe the de
omposition stru
ture for the univariateand multivariate 
ases. In Se
tion 3 we 
onsider extensions of the TVAR models and2



de
ompositions to address model order un
ertainty. Various analyses of non-stationaryEEG series illustrate the methodology and implied pra
ti
al aspe
ts of the theorydes
ribed in Se
tions 2 and 3. Finally, Se
tion 4 provides summary 
omments andfuture dire
tions.2 TVAR models and de
omposition theory2.1 Model spe
i�
ationA univariate time series xt, follows a time-varying autoregressive model of �xed orderp, or TVAR(p), if xt = pXj=1�t;jxt�j + �t; (1)where �t = (�t;1; : : : ; �t;p)0 is the time-varying ve
tor of 
oeÆ
ients and �t are zero-mean independent innovations assumed Gaussian with possibly time-varying varian
es�2t . No expli
it stationarity 
onstraints are imposed on the AR parameters at ea
htime t. However, if su
h parameters lie in the stationary region, as it is the 
ase inmany appli
ations, the series 
an be thought as lo
ally stationary and the 
hanges inthe parameters over time represent global non-stationarities.The model is 
ompleted by spe
ifying the evolution stru
ture for �t and �2t . Herewe assume that the AR parameters evolve a

ording to a random walk, however, more
omplex evolution modelling 
omponents may be spe
i�ed. A random walk evolutionstru
ture on �t, that is, �t = �t�1 + �t with �t � N(0;Wt), provides adaptation tothe 
hanging stru
ture of the series over time without anti
ipating spe
i�
 dire
tions of
hanges (West and Harrison 1997, 
hapter 3). The variation in time of �t is 
ontrolledvia standard dis
ount fa
tor methods (West and Harrison 1997). A single dis
ount fa
-tor � 2 (0; 1℄ leads to values of ea
hWt su
h that low values of � imply high variabilityof the �t sequen
e, while high values, in the range 0.9-0.999, are typi
ally 
onsideredin pra
ti
e. Similarly, the 
hanges in time of �2t are modelled with a multipli
ativerandom walk �2t = �2t�1(Æ=�t), where �t are mutually independent and independent of�t and �t, and with �t � Beta(at; bt). The parameters at and bt are de�ned at ea
h tby a dis
ount fa
tor Æ 2 (0; 1℄ analogous to �. Suitable values for the dis
ount fa
torsand the model order p may be obtained via marginal likelihoods, mean square errors ormean absolute deviations as dis
ussed in West et al. (1999) and Prado (1998). Givenp, the TVAR model 
an be framed as a dynami
 linear regression with model 
oeÆ-
ients �t. The equations for sequential updating and retrospe
tive �ltering/smoothingof general dynami
 linear models (West and Harrison 1997, 
hapter 4) lead to posteriorinferen
es on �t and �2t .
3



2.2 Time series de
ompositionsIn re
ent years, applied interests in a variety of �elds have stimulated Bayesian timeseries resear
h fo
ussed on latent time-frequen
y stru
ture analysis. In parti
ular,de
omposition methods and related theory and analysis for TVAR models have beenre
ently developed in West et al. (1999), Prado and West (1997) and Prado (1998).This se
tion reviews the key points of these developments.Consider a general dynami
 linear model (DLM) in whi
h the observed s
alar timeseries yt, t = 1; 2; : : : ; is modelled asyt = xt + �t; xt = F0�t; �t = Gt�t�1 + !t; (2)where xt is the latent signal, �t is an observation error, �t is a d � 1 state ve
tor, Fis a 
olumn d-ve
tor, Gt is the d� d state evolution matrix and !t is the d-ve
tor ofstate innovations. The state evolution matrix Gt may depend on un
ertain, possiblytime-varying parameters. The noise terms �t and !t are mutually un
orrelated whitenoise, though more 
omplex stru
tures may be 
onsidered to handle measurement errorand outlier 
omponents (Carter and Kohn 1994; West 1997).The de
omposition results summarised below are based on standard theory of modelstru
ture and similar models (West and Harrison 1997, 
hapter 5). Assume that atea
h time t, the state matrixGt in (2) has exa
tly d di�erent eigenvalues, some of whi
h
ould be 
omplex and in su
h 
ase they will appear in 
onjugate pairs. The number of
omplex and real eigenvalues may vary over time but, for the sake of simpli
ity, assumethat at ea
h time t there are 
 pairs of 
omplex eigenvalues denoted by rt;j exp(�i!t;j)for j = 1; : : : ; 
, and r = d � 2
 real eigenvalues denoted by rt;j for j = 2
 + 1; : : : ; d.Then Gt = EtAtE�1t where At is the diagonal matrix of eigenvalues in arbitrary but�xed order, and Et is a d � d matrix whose 
olumns 
orrespond to the eigenve
torsappearing in the order given by the eigenvalues. For ea
h t de�ne Ht = diag(E0tF)E�1tand linearly transform the state parameter ve
tor �t to 
t = Ht�t. Then, rewriting(2) we have yt = xt + �t; xt = 10
t; 
t = AtKt
t�1 + Æt; (3)where 1 = (1; 1; : : : ; 1)0, Æt = Ht!t is a zero-mean normal innovation with a stru
turedand singular varian
e matrix and Kt = HtH�1t�1. Then (3) implies that xt is the sum ofthe individual 
omponents of 
t = (
t;1; : : : ; 
t;d)0. The �nal r elements of 
t are real-valued pro
esses, 
orresponding to the real eigenvalues rt;j. Rename these pro
esses yt;j.The initial 2
 elements of 
t appear in 
omplex pairs and therefore zt;j = 
t;2j�1+ 
t;2jis also a real-valued pro
ess. Then, the basi
 de
omposition result for the 
lass ofmodels that 
an be expressed in the form (2) is simplyxt = 
Xj=1 zt;j + dXj=2
+1 yt;j: (4)4



Given known, estimated or simulated values of F, Gt and �t at ea
h time t, thepro
esses zt;j and yt;j 
an be evaluated over time by 
omputing the eigenstru
tureof the evolution matrix Gt and the linear transformations des
ribed above. We nowexplore the stru
ture of the pro
esses zt;j and yt;j for the 
lass of TVAR and ve
tor ARmodels.2.2.1 De
ompositions for TVAR modelsThe TVAR model (1) 
an be expressed in a DLM or state-spa
e model form (2), withd = p, �t = 0, F = (1; 0; : : : ; 0)0, �t = (xt; xt�1; : : : ; xt�p+1)0, !t = �tF andGt � G(�t) = 0BBBBBBB� �t;1 �t;2 : : : �t;p�1 �t;p1 0 : : : 0 00 1 : : : 0 0... . . . ...0 0 : : : 1 0
1CCCCCCCA :The eigenvalues of Gt are the re
ipro
als roots of the instantaneous autoregressive
hara
teristi
 equation at time t, �t(u) = (1 � �t;1u � : : : � �t;pup). In parti
ular,for the standard AR(p) pro
ess Gt = G, therefore rt;j = rj for j = 1; : : : ; p and!t;j = !j for j = 1; : : : ; 
. Furthermore, it is easy to see that ea
h yt;j follows astandard AR(1) pro
ess with AR parameter rj, and ea
h zt;j follows an ARMA(2,1)whose AR(2) 
omponent is quasi-periodi
 with 
onstant 
hara
teristi
 frequen
y !j (orwavelength 2�=!j) and modulus rj (West et al. 1999). In this 
ase, the de
ompositionis essentially that derived by the partial fra
tions de
omposition of an AR(p) pro
essin the stationary 
ase (Box and Jenkins 1976).In the general TVAR 
ase ea
h yt;j is dominated by a TVAR(1) with time-varyingAR parameter rt;j, while ea
h zt;j is dominated by a TVARMA(2,1) with time-varying
hara
teristi
 frequen
y !t;j and modulus rt;j. The sto
hasti
 stru
ture of yt;j and zt;jis not exa
tly represented by TVAR(1) and TVARMA(2,1) 
omponents, sin
e there isan element of linear mixing of the latent pro
esses through time. However, the mixing
omponents are negligible in most pra
ti
al appli
ations. The main point for this resultis that the matrix Kt in equation (3) for a TVAR model, will generally not be equalto the identity, a key feature for the spe
ial latent stru
ture on a 
onstant AR model.Kt will be 
lose to the identity when Gt and Gt�1 are similar, i.e. in 
ases when�t 
hanges slowly in time. When the Kt matri
es are very 
lose to identity matri
esthe 
omponent pro
esses in the de
omposition have a stru
ture almost 
ompletelydominated by TVAR(1) and TVARMA(2,1) pro
esses. A detailed dis
ussion on thistopi
 appears in Prado (1998) and West et al. (1999).2.2.2 Multivariate De
ompositionsThe univariate de
ompositions presented above have a dire
t extension to the mul-tivariate framework. Details of the results summarised here 
an be found in Prado5



(1998).Consider an m-dimensional time series pro
ess yt = (y1;t; : : : ; ym;t)0 modelled usinga multivariate DLM (West and Harrison 1997, 
hapter 16)yt = xt + �t; xt = F0�t; �t = Gt�t�1 + !t; (5)where xt is the underlying m-dimensional signal, � t is an m-dimensional ve
tor ofobservation errors, F is a d�m matrix of 
onstants, �t is the d-dimensional state ve
tor,Gt is the d � d state evolution matrix and !t is a d-ve
tor of state innovations. Thenoise terms �t and !t are zero mean innovations, assumed independent and mutuallyindependent with varian
e-
ovarian
e matri
es Vt and Wt respe
tively. As in theunivariate 
ase, assume that Gt has exa
tly d distin
t eigenvalues at ea
h time t, with
 pairs of 
omplex eigenvalues rt;j exp(�!t;j) for j = 1; : : : ; 
, and r = d � 2
 realeigenvalues rt;j for j = 2
+1; : : : ; d. De�ne m matri
es Hi;t = diag(E0tFi)E�1t , with Fithe i-th 
olumn of the matrix F, and 
onsider m new state ve
tors 
i;t = Hi;t�t and mnew state innovation ve
tors Æi;t = Hi;t!t for i = 1; : : : ; m. Then, we obtain m DLMs,Mi, one for ea
h of the s
alar 
omponents of xt, that isMi : xi;t = 10
i;t
i;t = AtKi;t
i;t�1 + Æi;t; (6)with Ki;t = Hi;tH�1i;t�1. Therefore, using the de
omposition results for univariate timeseries, xi;t 
an be expressed as a sum of d 
omponentsxi;t = 
Xj=1 zi;t;j + dXj=2
+1 yi;t;j; (7)where zi;t;j are real-valued pro
esses related to the pairs of 
omplex eigenvalues for j =1; : : : ; 
, and yi;t;j are real pro
esses related to the real eigenvalues for j = 2
+1; : : : ; d.In parti
ular, if xt = (xt;1; : : : ; xt;m)0 follows an m-dimensional ve
tor autoregressivemodel, VAR(p) xt = pXj=1�jxt�j + �t (8)where �j are m�m matri
es of AR 
oeÆ
ients and �t are m-dimensional zero meaninnovation ve
tors with 
ovarian
e matrix V, it is easy to see that ea
h xt;i serieshas a de
omposition as the sum of several AR(1) and ARMA(2; 1) pro
esses. Thezi;t;j pro
esses in the de
omposition are quasi-periodi
, following ARMA(2,1) modelswith 
hara
teristi
 frequen
ies and moduli !j and rj for j = 1; : : : ; 
, while the yi;t;jpro
esses have an AR(1) stru
ture with AR 
oeÆ
ients rj for j = 1; : : : ; mp. Thus,ea
h univariate element xi;t has a de
omposition whose latent ARMA(2,1) and AR(1)pro
esses are 
hara
terised by the same frequen
ies and moduli a
ross i, though thephases and amplitudes asso
iated with these 
omponents are spe
i�
 to ea
h univariateelement xi;t. 6
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Figure 1: top frame: data and estimated 
omponents in the de
omposition of EEGseries Fz based on a TVAR(12) model. From the bottom up, the graph displays thetime series followed by two estimated 
omponents in order of in
reasing 
hara
teristi
frequen
y. Bottom frames: traje
tories and 95% posterior bands of the estimated
hara
teristi
 frequen
y and modulus of the lowest frequen
y 
omponent in series Fz.2.3 Latent stru
ture in multiple EEG tra
esVarious applied studies have been generated re
ently in the area of EEG analysis (Pradoand West 1997, Krystal et al. 1999, Prado et al. 2000). We illustrate the use of TVARmodels and de
ompositions in the analysis of an EEG tra
e from a dataset previouslystudied in Prado and West (1997) and Prado et al. (2000). The EEG series analysedhere is one of 19 tra
es re
orded at di�erent s
alp lo
ations during a patient seizure,eli
ited by ele
tro
onvulsive therapy (ECT) as antidepressant treatment. Details onthe analyses of the full dataset via TVAR models and related de
omposition theory 
anbe found in Prado and West (1997), and further developments, in
luding estimation oftime-varying lag/lead stru
ture among the 19 
hannels, appear in Prado et al. (2000).The purpose of these studies is to explore di�eren
es and 
ommonalities in latentstru
ture a
ross the 19 tra
es in order to 
hara
terise aspe
ts of the spatio-temporaldynami
s that improve the understanding of the physiology driving the antidepressante�e
tiveness of ECT.The top frames of �gures 1 and 5 display a se
tion of an EEG series re
orded at a
hannel lo
ated in the 
entral frontal 
orti
al region of a patient s
alp, named Fz inEEG nomen
lature. The series displays high frequen
y os
illations at the beginningthat slowly de
ay into lower frequen
ies, a

ompanied by an in
rease in the amplitude of7



the signal, relative to the amplitude observed at initial stages, until it �nally de
reasestowards the end of the seizure episode. Figure 1 (top frame) displays the data andtwo of the estimated latent 
omponents in the de
omposition of the series, based ona TVAR(12) model with 
onstant observational varian
e �2t = �2, and dis
ount fa
tor� = 0:996 
ontrolling the variability of �t. Components (1) and (2) 
orrespond tothe highest amplitude 
omponents, lying in the delta (0 to 4 Hz) and theta (4 to8 Hz) frequen
y bands. These 
omponents are individual pro
esses dominated byTVARMA(2,1) quasi-periodi
 stru
tures. Pro
ess (1) is dominated by a TVARMA(2,1)with a time-varying 
hara
teristi
 frequen
y that gradually de
ays in time, as shownin the left bottom frame of �gure 1. This 
omponent, 
hara
teristi
 of slow-waves thatusually appear in middle and late phases of e�e
tive ECT seizures (Weiner and Krystal1993), also dominates in amplitude, having moduli values higher than 0.8 during mostof the seizure 
ourse (see right bottom frame of �gure 1). Component (2) lies in thetheta frequen
y band and is mu
h lower in amplitude and modulus than 
omponent(1). Higher frequen
y 
omponents also appear in the de
omposition having mu
h loweramplitudes than the lower frequen
y 
omponents that really 
hara
terise the seizureepisode.The traje
tories in time of the 
hara
teristi
 frequen
y and modulus of the latentpro
esses in the de
omposition have an equivalent frequen
y-domain interpretation.In 
ases where the stationarity 
onditions are satis�ed, i.e. if jrt;jj < 1, the instanta-neous spe
tral density of ea
h latent quasi-periodi
 pro
ess zt;j is peaked around its
hara
teristi
 frequen
y !t;j and the sharpness of the peak is an in
reasing fun
tion ofits 
hara
teristi
 modulus rt;j. Then, the spe
trum of the full signal is time-varying,given at ea
h time t as the produ
t of the instantaneous spe
tra of the yt;j and of theAR part of zt;j. The top frames of �gure 2 display six instantaneous spe
tra, 
om-puted at posterior mean estimates of the AR parameter �t at di�erent times duringthe seizure 
ourse. The verti
al dotted lines indi
ate the value of the frequen
y (inHz or 
y
les/se
) with the highest peak in ea
h spe
trum. The bottom frame of the�gure displays the evolution of the instantaneous spe
tra 
omputed at estimated pos-terior means of the AR parameter �t at 50 equally spa
ed time points over the seizure
ourse. The dotted lines 
orrespond to the spe
tra displayed at the top frames. Asseen previously in the time-domain graphs displayed in �gure 1, the estimated spe
trashow that the EEG signal is dominated by the quasi-periodi
 pro
ess with the lowest
hara
teristi
 frequen
y. The frequen
y is time-varying, having estimated values higherthat 5 Hz at the beginning of the seizure that gradually de
ay towards the end (seedotted verti
al lines). The degree of sharpness in the estimated spe
tra also varies overtime, being sharpest at early-
entral portions of the seizure. This result is 
onsistentwith the estimated modulus traje
tory in time of the latent pro
ess (1) displayed in�gure 1.
8
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Figure 2: top frame: instantaneous estimated AR spe
tra for 
hannel Fz 
omputed attimes t = 260; 1060; 1780; 2420; 3140; 3860. Bottom frame: evolution of the instanta-neous spe
tra 
omputed at estimated posterior mean values of �t at 50 equally spa
edpoints along the seizure 
ourse. 9



2.3.1 Additional time-varying lag/lead stru
ture in the multiple EEG tra
esSimilar univariate TVAR(12) analyses and related de
ompositions yield to similar in-feren
es a
ross the full set of 19 EEG tra
es (Prado and West 1997). The instantaneousAR 
hara
teristi
 polynomials exhibit and maintain at least two pairs of 
omplex 
on-jugate roots a
ross the 19 series, one of whi
h 
orresponds to the dominant \seizure"latent pro
ess that lies in the delta frequen
y band. The range of values taken bythe 
hara
teristi
 frequen
ies and moduli of the lowest frequen
y 
omponents over theseizure 
ourse, is 
onsistent a
ross the 19 EEG 
hannels. Su
h 
ommon patterns sug-gest the notion of modelling the multiple tra
es via latent fa
tor models, with one ortwo quasi-periodi
 latent pro
esses or fa
tors driving the behaviour of the series. Asthe fa
tors may have a di�erent impa
t on 
hannels lo
ated at di�erent sites on thepatient s
alp, the in
uen
e of the fa
tors on ea
h EEG series would be then weightedby individual regression 
oeÆ
ients or fa
tor weights. This dire
tion was anti
ipated inPrado and West (1997) and further developed in Prado (1998) and Prado et al. (2000).Single fa
tor model analyses of the multiple series reveal a spatial stru
ture a
ross the19 EEG tra
es that univariate TVAR models are not able to 
apture: 
hannels lo
ated
loser on the s
alp display similar estimated values of the fa
tor weights. However, asdis
ussed in Prado et al. (2000), 
ross-
orrelograms of the residuals of these modelsexhibit time dependent phase delays between some of the 
hannels, eviden
ing sub-stantial remaining stru
ture a
ross the 19 series. This motivates the use of dynami
regression models with time-varying lag/lead stru
tures. We now des
ribe su
h modelsfollowing Prado et al., (2000).Let yi;t be the observation re
orded at time t on 
hannel i and 
onsider the modelyi;t = �(i;t)xi�li;t + �i;t�(i;t) = �(i;t�1) + !i;t; (9)where xt is an underlying pro
ess assumed known at ea
h time t; li;t is the lag/lead thatyi;t displays with respe
t to xt, with li;t 2 f�k0; : : : ; 0; : : : ; k1g and k0; k1 known; �(i;t) isthe dynami
 regression 
oeÆ
ient of xt for 
hannel i; �i;t and !i;t are independent andmutually independent zero mean innovations with varian
es vi and si;t. The 
hangesin lag/lead stru
ture over time are des
ribed via a one-step Markov 
hain model withknown transition probabilities p(li;t = kjli;t = m), k;m 2 f�k0; : : : ; 0; : : : ; k1g, while arandom walk is adopted to model the evolution of �(i;t). We also assume that �t;i and!t;i are independent a
ross 
hannels so that the equations (9) des
ribe a 
olle
tion ofunivariate models rather than a multivariatem-dimensional model. The spe
i�
ation ofthe evolution varian
es si;t is handled via standard dis
ount fa
tor methods. On
e thepriors on �(i;0) and vi are spe
i�ed, posterior inferen
e may be obtained via 
ustomisedMCMC algorithms detailed in Prado et al. (2000).Given that xt is the same �xed underlying pro
ess for all 
hannels it is possibleto make 
omparisons between 
hannels by 
omparing the estimated values of �(i;t)and li;t a
ross i over time. Figure 3 displays the estimated posterior means of the ��10
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Figure 3: estimated posterior means of the dynami
 fa
tor weights at sele
ted timepoints.
oeÆ
ients for all the 
hannels at sele
ted time points during the seizure, based ona model that takes xt = yt;Cz, that is, xt is the a
tual signal re
orded at the 
hannello
ated 
entrally, at the very top of the s
alp. Details on the priors, dis
ount fa
tors andtransition probabilities 
onsidered, as well as a dis
ussion on MCMC 
onvergen
e forthis model appears in Prado et al. (2000). The values that appear at the approximateele
trode lo
ations in the graphs 
orrespond to the a
tual estimated posterior meanvalues. In addition, an image plot, 
reated by linear interpolation of �̂(i;t) onto a gridde�ned by the approximate ele
trode lo
ations is displayed. Dark intensities 
orrespondto high values of the regression 
oeÆ
ients while light intensities mat
h low values.Various features of the spatio:temporal relations between 
hannels are evident fromthese pi
tures. The graphs exhibit marked patterns of relations a
ross neighbouring
hannels: a given 
hannel shares more similarities with 
hannels lo
ated 
loser to it.There is also an element of asymmetry, more evident towards the end of the seizure.Channels lo
ated at right-fronto temporal sites have smaller regression 
oeÆ
ient valuesthan 
hannels lo
ated at left-fronto temporal sites.Figure 4, displays estimated lag/leads, based on posterior means of the l� quantitiesat di�erent time points over the seizure. If a given site shows the lightest intensity attime t, then the signal re
orded at this site is delayed in two units of time with respe
tto the signal re
orded at site Cz. Similarly, if a site shows the darkest intensity at timet then the signal re
orded at this site leads the signal re
orded at site Cz in two unitsof time. Central portions of the seizure display intense lag/lead a
tivity 
hara
terisedby lags in the o

ipital regions and leads in the frontal and pre-frontal regions with11
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Figure 4: dynami
 lag/leads based on posterior mean estimates.respe
t to 
hannel Cz while almost no lags/leads are apparent at the beginning andtowards the end of the seizure.3 Time-variation on model orderA vast literature of time series models that in
orporate model un
ertainty via Markov
hain Monte Carlo (MCMC) methods has 
ourished in re
ent years. Examples forthe 
ase where the 
lass of models is restri
ted to the linear autoregressive pro
essare, among others, Barnett et al. (1996); Barbieri and O'Hagan (1997); Troughtonand Godsill (1997). More re
ently, Huerta and West (1999) in
orporated model orderun
ertainty on an AR(p) with emphasis on prior spe
i�
ation for latent stru
ture.For general DLMs, West and Harrison (1997, 
hapter 12), following Harrison andStevens (1976), present the multi-pro
ess 
lass of models, where model un
ertainty isaddressed using mixtures of 
onjugate DLMs. When some of the DLMs in 
onsidera-tion are not 
onjugate but 
onditionally 
onjugate, the multi-pro
ess analysis requiresForward Filtering Ba
kward Simulation (FFBS) algorithms (Carter and Kohn 1994;Fr�uhwirth-S
hnatter 1994) to obtain posterior model probabilities. Prado and Huerta(1999), adopt this approa
h to deal with model order un
ertainty for TVAR models.We now review the main ideas of this work.A time-varying autoregression with time-varying order pt, is des
ribed byxt = ptXj=1�t;jxt�j + �t; (10)12



where the autoregressive 
oeÆ
ients 
hange in time a

ording to a random walk, asde�ned for a TVAR(p). For simpli
ity, �t are zero-mean innovations, assumed Gaus-sian with 
onstant varian
e �2, but extensions to the time-varying 
ase follow easily.Additionally, assume that pt, the order of the autoregression at time t, is an integerthat takes values between a �xed lower bound pmin and a �xed upper bound pmax. TheTVAR(pt) model in (10), is a sub-model of a �xed order TVAR(pmax) des
ribed byxt = pmaxXj=1 �t;jxt�j + �t; (11)with a pmax-dimensional ve
tor of 
oeÆ
ients �t = (�t;1; : : : ; �t;pt; 0; : : : ; 0)0. Model
ompletion requires spe
i�
ation of an initial prior for (�1; �2) and details 
on
ernedwith the evolution of model parameters. Relatively di�use normal/inverse gammapriors are used on �1, and vague inverse-gamma priors on �2. The evolution of ptis 
onsidered as a �rst order dis
rete random walk with known transition probabili-ties. Posterior inferen
e of the TVAR(pt) follows a two-stage Gibbs sampling format.Conditional on model orders, the standard sequential updating and retrospe
tive �l-tering/smoothing algorithms for DLMs apply to update �t and �2. The se
ond stage
onsists on sampling from the 
onditional posterior distribution of model orders, giventhe �t for all t and �2, via the �ltering/smoothing algorithm for dis
rete random vari-ables of Carter and Kohn (1994). Full des
ription of the simulation algorithm andmathemati
al details appear in Prado and Huerta (1999).3.1 De
ompositons for time-varying autoregressionsDe
omposition of a TVAR(pt) is obtained via de
omposition theory for a generalDLM. The representation of the TVAR(pt) in DLM form involves an evolution matrixGt that has pt distin
t non-zero eigenvalues and a zero eigenvalue with multipli
itypmax � pt. The de
ompositon result is derived from similarity transformations andeigenvalue/eigenve
tor representation in Jordan form of Gt (West and Harrison 1997).The result is now xt = 
tXj=1 zt;j + ptXj=2
t+1 yt;j; (12)where 
t is the number of 
omplex pairs of non-zero eigenvalues of Gt. Noti
e that thede
omposition results is analogous to (4), but now the number of 
omponents dependon time varying 
t and pt. As in the �xed order TVAR 
ase, zt;j are related to the
omplex non-zero eigenvalues of Gt and dominated by a TVARMA(2,1). The yt;j arerelated to the real non-zero eigenvalues of Gt and dominated by a TVAR(1). Completedevelopments are reported in Prado and Huerta (1999).
13
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0 1000 2000 3000 4000Figure 5: From the top down we have the EEG data and a graph of the estimatedposterior mean for model order at ea
h time t with 95% posterior bands.3.2 Des
ribing 
hanges in the number of latent EEG pro
essesConsider again the EEG series displayed in �gure 1. The latent 
omponents shown inthe graph were 
omputed using estimated posterior means for the AR 
oeÆ
ients andthe innovations varian
e of a TVAR(12) model. Here, we model the same series with aTVAR(pt), where pt may take values from pmin = 0 up to pmax = 14. Di�erent values forthe lower and upper bands pmin and pmax were 
onsidered, leading to similar inferen
esin terms of the latent stru
ture. Dis
ount fa
tors in the range of 0:99�0:999 were usedto 
ontrol de evolution of the AR 
oeÆ
ients in time. Su
h values impose smoothnessrestri
tions on the 
hanges of �t in time that are typi
al in EEG analyses (West et al.,1999). Similarly, the transition probability stru
ture that des
ribes the evolution of ptin time is spe
i�ed to impose smoothness 
onditions, allowing to in
lude or delete onlyone 
hara
teristi
 root - 
omplex or real - at ea
h time t. Spe
i�
ally in this example,denoting qij = P [pt = ijpt�1 = j℄ , we take qii = 0:99 for all i, qi;i+1 = qi;i�1 = 0:004,qi;i+2 = qi;i�2 = 0:001 for 2 � i � 12, q0;1 = q0;2 = q14;13 = q14;12 = 0:005, q1;0 =q1;2 = q13;14 = q13;12 = 0:004 and q1;3 = q13;11 = 0:002. In addition, a dis
rete uniformprior on model order, P (p1 = i) = 1=15 for all i, and relatively di�use 
onjugatenormal/inverse-gamma priors were used for the AR 
oeÆ
ients and the innovationsvarian
e.Figure 5 displays from the top down, the data and the traje
tory in time of theestimated posterior mean for model order (solid line) with 95% posterior probabilitybands (dotted lines). The instantaneous posterior means and probability bands for14



model order are based on 4,000 samples taken from 17,000 iterations of the Gibbssampler after a burn-in of 3,000 iterations for MCMC 
onvergen
e. The graph showsthat the model order is higher roughly between t = 400 and t = 2000, indi
ating thatthe latent stru
ture is more 
omplex during this period than at the beginning of theseizure and after t = 2000. The posterior mean os
illates around 12 between t = 400and t = 2000, with 95% bounds in the range from 10 to 14. Approximately at t = 1800the un
ertainty on model order starts to in
rease, with 95% posterior bands in the 2to 10 range. This is 
onsistent with the relatively broad posterior bands observed inthe graphs of the traje
tories in time of the 
hara
teristi
 frequen
y and modulus of
omponent (1) in the de
omposition obtained with a TVAR(12) (see �gure 1).4 Dis
ussion and future dire
tionsTime-varying autoregressive models 
onstitute a suitable 
lass of models to study thebehaviour of non-stationary time series. The related de
omposition theory summarisedhere, has proven useful in a variety of appli
ations where the interest lies in dis
overingand interpreting latent stru
ture in the series. Via eÆ
ient MCMC simulation, themodel may be extended to have time varying order whi
h permits to des
ribe the
hanges in the number of latent 
omponents.Related resear
h for latent stru
ture in DLMs appears in Aguilar and West (2000).These authors propose dynami
 fa
tor models that in
oporate sto
hasti
 volatitility
omponents for latent fa
tor pro
esses. The models are dire
t generalisations of uni-variate sto
hasti
 volatility models, and represent spe
i�
 varieties of models re
entlydis
ussed in the growing multivariate sto
hasti
 volatility literature. The 
entral goalof su
h models is to explain patterns of 
orrelation among series by a small numberof latent fa
tor pro
esses. In di�eren
e to the TVAR modelling framework, the latentstru
ture of dynami
 fa
tor models is inheritely imposed by the model spe
i�
ationand not dis
overed with a time series de
omposition result.Current resear
h 
onsiders the multivariate de
omposition results of se
tion 2.2.2, toextend the prior spe
i�
ations of Huerta and West (1999) for univariate AR pro
esses tomultivariate ve
tor autoregressive models. In fa
t, a �rst extension proposes a diagonalVAR(p) with a prior that allows for possible zero 
hara
teristi
 roots,i.e. takes intoa

ount model order un
entainty, but also allows for potential ties of 
hara
teristi
roots a
ross series. These devolopements are also 
onsidered for multivariate time-varying ve
tor autoregressions.
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